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The strong coupling constants among mesons are very important quantities as they
can provide useful information on the nature of strong interaction among hadrons
as well as the QCD vacuum. In this article, we investigate the strong vertices of the
D∗sDsη
(′) and B∗sBsη
(′) in the framework of the QCD sum rule approach choosing
the η or Ds(Bs) meson as an off-shell state. We obtain the results gD∗sDsη = (1.46±
0.30)GeV −1, gD∗sDsη′ = (0.74 ± 0.16)GeV −1, gB∗sBsη = (5.29 ± 1.06)GeV −1 and
gB∗sBsη′ = (2.29±0.48)GeV −1 for the strong coupling constants under consideration,
which can be checked in future experiments.
PACS numbers: 11.55.Hx, 13.75.Lb, 13.25.-k, 13.25.Ft, 13.25.Hw
2I. INTRODUCTION
In the last few years, both the experimental and theoretical studies on the properties of
heavy mesons have received considerable attention. With the growing data collected by many
experimental groups, the investigations of the spectroscopy as well as the electromagnetic,
weak and strong decay properties of the charmed(bottom)–strange mesons have become
more interesting [1-6]. Hence, theoretical determination of various characteristics related to
these mesons, such as transition form factors and coupling constants, become very important
for interpretation of the experimental results.
In the low energy regime of QCD, the large value of the strong coupling constant does
not allow us to use the perturbative theories. Hence, some non-perturbative methods are
needed to investigate the hadronic properties. The QCD sum rules approach [7] is one of the
effective tools in this respect since it is based on QCD Lagrangian and do not include any
model-dependent parameter. According to the QCD sum rules method, the strong coupling
constants among three mesons are calculated by using three point correlation functions. In
the present work, we apply this technique to investigate the strong coupling constants among
D∗s [B
∗
s ] and Ds[Bs] mesons with light pseudoscalar η and η
′ mesons. For some applications
of this method to hadron physics, specially the strong decays see [8–27].
Taking into account only the strong force, the basic SU(3) flavor symmetry for the three
light quarks predicts the singlet η1 and octet η8 particles:
|η1〉 = 1√
3
|uu¯+ dd¯+ ss¯〉, |η8〉 = 1√
6
|uu¯+ dd¯− 2ss¯〉. (1)
On the other hand, due to the electromagnetic and weak interactions, a mixing of these
singlet and octet states occurs because of the transformation of one quark flavor into another.
The physical η and η′ states are the linear combinations of these SU(3) singlet and octet
states: (
η
η′
)
=
(
cos θ − sin θ
sin θ cos θ
)(
η8
η1
)
, (2)
were θ is the mixing angle of the singlet-octet representation [28]. Even though the QCD
sum rule is a powerful method for investigation of the non-perturbative nature of particles,
the predictions of this approach have considerable uncertainties due to the uncertainties
implemented by the quark-hadron duality, determination of the working regions for the
Borel mass parameters, quark masses, radiative corrections, etc. Hence the relatively small
effect of the mixing angle allows us to neglect the mixing of the singlet and octet states
when QCD sum rules method is used. In other words, the η and η′ can be taken as pure
octet and singlet states, respectively.
The outline of this article is as follows: in section II, we calculate the three point corre-
lation functions for D∗sDsη
(′) and B∗sBsη
(′) vertices, when Ds[Bs] or η[η
′] meson is off-shell.
Taking into account the quark and mixed condensate diagrams we obtain QCD sum rules
for the strong coupling form factors of each vertex. In section III, we present our numer-
ical calculations of the obtained sum rules and calculate the values of the strong coupling
constants for each vertex.
3II. QCD SUM RULES FOR STRONG COUPLING FORM FACTORS
In this section, we obtain QCD sum rules for strong coupling form factors associated
with the D∗sDsη[D
∗
sDsη
′] and B∗sBsη[B
∗
sBsη
′] vertices by considering the following three-
point correlation functions:
ΠDs[Bs]µ (p
′, q) = i2
∫
d4x d4y eip
′·x eiq·y〈0|T
(
Jη(x) JDs[Bs](y) JD
∗
s [B
∗
s ]†
µ (0)
)
|0〉,
ΠDs[Bs]µ (p
′, q) = i2
∫
d4x d4y eip
′·x eiq·y〈0|T
(
Jη
′
(x) JDs[Bs](y) JD
∗
s [B
∗
s ]†
µ (0)
)
|0〉 (3)
for the case of Ds[Bs] off-shell. Similarly we consider the correlation functions for the off-
shell η and η′ cases. In Eq. (3) T is the time ordering operator and q = p− p′ is transferred
momentum. The interpolating currents of the participating mesons can be written in terms
of the quark fields as
Jη(x) =
1√
6
[
u(x)γ5u(x) + d(x)γ5d(x)− 2s(x)γ5s(x)
]
,
Jη
′
(x) =
1√
3
[
u(x)γ5u(x) + d(x)γ5d(x) + s(x)γ5s(x)
]
,
JDs[Bs](x) = s(x)γ5c[b](x),
JD
∗
s [B
∗
s ]
µ (x) = s(x)γµc[b](x). (4)
The above mentioned correlation functions can be calculated in two different ways. From
phenomenological or physical side, they are obtained in terms of hadronic parameters. From
theoretical or QCD side, they are evaluated in terms of quark’s and gluon’s degrees of
freedom by the help of the operator product expansion (OPE) in deep Euclidean region.
After equating the coefficients of individual structures from both sides of the same correlation
functions, the sum rules for the strong coupling form factors are obtained. Finally we
apply Double Borel transformation with respect to the variables, p2 and p′2 to suppress the
contribution of the higher states and continuum. According to the general philosophy of the
method, we also use the quark-hadron duality assumption.
First, we calculate the physical sides of the correlation functions in Eq. (3) for the
off-shell Ds[Bs] state. They are obtained by saturating them with the complete sets of
appropriate Ds, D
∗
s and η
(′) states with the same quantum numbers as the corresponding
mesonic interpolating currents. After performing the four-integrals over x and y, for both η
and η′ cases in a compact form, we get
ΠDs[Bs]µ (p
′, q)
=
〈0|Jη(′) |η(′)(p′)〉〈0|JDs[Bs]|Ds[Bs](q)〉〈η(′)(p′)Ds[Bs](q)|D∗s [B∗s ](p, ǫ)〉〈D∗s [B∗s ](p, ǫ)|JD∗s [B∗s ]µ |0〉
(q2 −m2Ds[Bs])(p2 −m2D∗s [B∗s ])(p′2 −m2η(′))
+ ..., (5)
where .... stands for the contributions of the higher states and continuum. To proceed we
need to define the following matrix elements in terms of hadronic parameters:
〈0|Jη(′) |η(′)(p′)〉 = m
2
η(′)
fη(′)
2ms
,
4〈0|JDs[Bs]|Ds[Bs](q)〉 =
m2Ds[Bs] fDs[Bs]
mc(b) +ms
,
〈D∗s [B∗s ](p, ǫ)|JD
∗
s [B
∗
s ]
µ |0〉 = mD∗s [B∗s ]fD∗s [B∗s ]ǫ∗µ,
〈η(′)(p′)Ds[Bs](q)|D∗s [B∗s ](p, ǫ)〉 = gDs[Bs]D∗sDsη(′)[B∗sBsη(′)](p
′ − q) · ǫ, (6)
where g
Ds[Bs]
D∗sDsη
(′)[B∗sBsη
(′)]
is the strong coupling form factor; and fD∗s [B∗s ], fDs[Bs] and fη(′) are
leptonic decay constants of the D∗s [B
∗
s ], Ds[Bs] and η
(′) mesons, respectively. Using Eq. (6)
in Eq. (5) and summing over polarization vectors, we obtain the physical side as
ΠDs[Bs]µ (p
′, q) = g
Ds[Bs]
D∗sDsη
(′)[B∗sBsη
(′) ]
fD∗s [B∗s ]mD∗s [B∗s ]fη(′)m
2
η(′)
fDs[Bs]m
2
Ds[Bs]
(q2 −m2Ds[Bs])(p′2 −m2η(′))(p2 −m2D∗s (B∗s ))2ms(mc(b) +ms)
×
[(
1 +
m2
η(′)
− q2
m2D∗s [B∗s ]
)
pµ − 2p′µ
]
+ ....,
(7)
where we will choose the structure pµ to calculate the corresponding strong coupling form
factor. From a similar manner, one can obtain the final expression of the physical side of
the correlation function for an η(′) off-shell.
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FIG. 1. Diagrams considered in the calculations.
From the QCD or theoretical side, the aforesaid correlation functions are calculated in
deep Euclidean space, where p2 → −∞ and p′2 → −∞ by the help of OPE. To obtain the
5QCD representation, as an example for the Ds[Bs] off-shel case, we separate the correlation
function into perturbative and non-perturbative parts and keep only the structure which we
use to extract the sum rules
ΠDs[Bs]µ (p
′, q) = (Πper +Πnonper) pµ + ..., (8)
where the perturbative part can be expressed in terms of a double dispersion integral of the
form
Πper = − 1
4π2
∫
ds
∫
ds′
ρ(s, s′, q2)
(s− p2)(s′ − p′2) + subtraction terms, (9)
with ρ(s, s′, q2) being the corresponding spectral density. Our main task in the following is
to calculate this spectral density. For this aim, we consider the bare loop diagrams (a) and
(d) in Fig. 1 for Ds[Bs] as off-shell state. We calculate these diagrams via Cutkosky rules,
as a result of which we get
ρDs[Bs](s, s′, q2) = − Nc
λ3/2(s, s′, q2)
{
m2c[b]s
′(q2 − s+ s′)−m2ss′(q2 − s+ s′) + q2s′(−q2 + s+ s′)
}
.
(10)
Similarly, for the case of η(′) off-shel one gets
ρη
(′)
(s, s′, q2) =
Nc
λ3/2(s, s′, q2)
{
m2s
(
q4 − 2q2s + (s− s′)2
)
−mc[b]ms
(
q4 + (s− s′)2 − 2q2(s+ s′)
)
− 2m2c[b]q2s′(s+ s′ − q2)
}
, (11)
where λ(a, b, c) = a2 + b2 + c2 − 2ac− 2bc− 2ab and Nc = 3 is the color number.
To calculate the non-perturbative contributions in QCD side, we consider all condensate
diagrams in Fig. 1. As a result, we get
ΠDs[Bs]nonper = 〈ss〉m20
[mc[b] + 2ms
12r3
+
m3s
2rr′3
+
m2c[b]ms +m
3
s −msq2
4r2r′2
+
3ms
4rr′2
+
mc[b] + 2ms
12r2r′
+
5m2c[b]ms − 2m3c[b] +mc[b]m2s + 2m3s + 2mc[b]q2 − 2msq2
12r3r′
]
+ 〈ss〉
[ms
2r2
− m
5
s
rr′
3
− m
2
c[b]m
3
s
r3r′
− ms
rr′
+
m2c[b]ms − 2mc[b]m2s +m3s −msq2
2r2r′
+
m3sq
2 −m3sm2c[b] −m5s
2r2r′2
]
,
(12)
for the case of Ds[Bs] off-shell and
Πη
(′)
nonper = 0, (13)
for the case of η(′) off-shell, where r = p2 −m2c[b] and r′ = p′
2 −m2s.
As we previously mentioned, the sum rules for strong coupling form factors are obtained
by equating the coefficients of the selected structure from phenomenological and QCD sides
6of the correlation functions and applying double Borel transformation as well as continuum
subtraction. After these procedures, we obtain
g
Ds[Bs]
D∗sDη
(′)[B∗sBη
(′) ]
(q2)
=
2ms(mc[b] +ms)(q
2 −m2Ds[Bs])
fD∗s [B∗s ]fDs[Bs]fη(′)mD∗s [B∗s ]m
2
η(′)
m2Ds[Bs]
(
1 +
m2
η(′)
− q2
m2D∗s [B∗s ]
)−1
exp
[m2D∗s [B∗s ]
M2
]
exp
[m2
η(′)
M ′2
]
×
[
1
4 π2
∫ s0
(mc+ms)2
ds
∫ s′0
4m2s
ds′ρDs[Bs](s, s′, q2)θ[1− (fDs[Bs](s, s′))2]e −sM2 e −s
′
M′
2 + B̂ΠDs[Bs]nonper
]
,
(14)
where M2 and M ′2 are Borel mass parameters and s0 and s
′
0 are continuum thresholds. The
function B̂ΠDs[Bs]nonper is given by
B̂ΠDs[Bs]nonper
= e
−m
2
c[b]
M2 e
−m
2
s
M′
2 〈ss〉
{
m20
( m3s
4M ′4
− 3ms
4M ′2
− mc[b] + 2ms
12M2
+
mc[b]q
2 −msq2
12M4
+
m2c[b]ms +m
3
s −msq2
4M2M ′2
− 2m
3
c[b] − 5m2c[b]ms −mc[b]m2s − 2m3s
24M4
)
−ms − m
5
s
2M ′4
− m
2
c[b]ms + 2mc[b]m
2
s −m3s +msq2
2M2
− m
2
c[b]m
3
s
2M4
− m
2
c[b]m
3
s +m
5
s −m3sq2
2M2M ′2
}
, (15)
for the off-shell Ds[Bs] state and
g
η(′)
D∗sDη
(′)[B∗sBη
(′)]
(q2)
=
2ms(mc[b] +ms)(q
2 −m2
η(′)
)m2D∗s [B∗s ]
fD∗s [B∗s ]fDs[Bs]fη(′)mD∗s [B∗s ]m
2
η(′)
m2Ds[Bs](m
2
D∗s [B
∗
s ]
+m2Ds[Bs] − q2)
exp
[m2D∗s [B∗s ]
M2
]
exp
[m2Ds[Bs]
M ′2
]
×
[ 1
4 π2
∫ s0
(mc+ms)2
ds
∫ s′0
(mc+ms)2
ds′ρη
(′)
(s, s′, q2)θ[1− (f η(′)(s, s′))2]e −sM2 e
−s
′
M′
2
]
, (16)
for the η(′) off-shell case.
The functions fDs[Bs](s, s′) and f η
(′)
(s, s′) in the above equations are defined as
fDs[Bs](s, s′) =
2 s s′ + (m2c[b] −m2s − s)(−q2 + s+ s′)
λ1/2(m2c[b], m
2
s, s)λ
1/2(s, s′, q2)
,
f η
(′)
(s, s′) =
2 s (−m2c[b] +m2s − s′) + (m2c[b] −m2s + s)(−q2 + s+ s′)
λ1/2(m2c[b], m
2
s, s)λ
1/2(s, s′, q2)
. (17)
III. NUMERICAL RESULTS
In this section we numerically analyze the sum rules obtained in the previous section to
obtain the behavior of the strong coupling form factors in terms of q2. For this purpose we
use some input parameters listed in Table I.
The sum rules for the form factors contain also four auxiliary parameters: Borel mass
parameters M2 and M ′2as well as continuum thresholds s0 and s
′
0. In the following, we
7Parameters Values
mc (1.275 ± 0.025) GeV [29]
mb (4.65 ± 0.03) GeV [29]
ms (95± 5) MeV [29]
mB∗s (5415.4
+2.4
−2.1) MeV [29]
mBs (5366.77 ± 0.24) MeV [29]
mD∗s (2112.3 ± 0.5) MeV [29]
mDs (1968.49 ± 0.32) MeV [29]
mη (547 ± 0.024) MeV [29]
mη′ (958 ± 0.06) MeV [29]
fB∗s (0.229) GeV [30]
fBs (0.196) GeV [31]
fD∗s (0.272) GeV [30]
fDs (0.286) GeV [32]
fη (0.174) GeV [33]
fη′ (0.170) GeV [33]
〈0|ss(1GeV )|0〉 −0.8(0.24 ± 0.01)3 GeV 3 [34]
m20(1GeV ) (0.8 ± 0.2) GeV 2
TABLE I. Input parameters used in our calculations.
proceed to find working regions for these auxiliary parameters at which the dependences
of coupling form factors on these parameters are weak. The working regions for the Borel
parameters M2 and M ′2 are calculated demanding that both the contributions of the higher
states and continuum are adequately suppressed and the contributions of the higher dimen-
sional operators are small. These conditions lead to the regions 5 GeV 2 ≤ M2 ≤ 9 GeV 2
and 2 GeV 2 ≤M ′2 ≤ 7 GeV 2 for Ds as off-shell meson, as well as 5 GeV 2 ≤M2 ≤ 9 GeV 2
and 5 GeV 2 ≤M ′2 ≤ 9 GeV 2 for η(′) off-shell associated with the D∗sDsη(′) vertex. We also
find the regions 20 GeV 2 ≤ M2 ≤ 30 GeV 2 and 3 GeV 2 ≤ M ′2 ≤ 6 GeV 2 for Bs off-shell, as
well as 10 GeV 2 ≤ M2 ≤ 20 GeV 2 and 10 GeV 2 ≤ M ′2 ≤ 20 GeV 2 for η off-shell in accor-
dance with the B∗sBsη vertex. For the B
∗
sBsη
′ vertex the regions 10 GeV 2 ≤M2 ≤ 20 GeV 2
and 3 GeV 2 ≤ M ′2 ≤ 6 GeV 2 for Bs off-shell, as well as 10 GeV 2 ≤ M2 ≤ 20 GeV 2 and
10 GeV 2 ≤M ′2 ≤ 20 GeV 2 for the case of η′ off-shell are obtained.
The continuum thresholds s0 and s
′
0 are not totally arbitrary but they are related to the
energy of the first excited states in initial and final channels with the same quantum numbers.
Our numerical analysis leads to the following working regions for the continuum thresholds
in s and s′ channels for different off-shel cases and vertecies: (mD∗s [B∗s ] + 0.3)
2 ≤ s0 ≤
(mD∗s [B∗s ] + 0.7])
2 for all off-shell cases in s channel, (mDs[Bs] + 0.3)
2 ≤ s′0 ≤ (mDs[Bs] + 0.7)2
for Ds[Bs] off-shell and (mη(′) + 0.3)
2 ≤ s′0 ≤ (mη(′) + 0.5)2 for η(′) off-shell in s′ channel.
Having determined the working regions for auxiliary parameters, we present the depen-
dences of some strong form factors under consideration at Q2 = −q2 = 1 GeV 2 for instance
on Borel parameter M2 for different off-shell cases in Figs. 2 and 3. From these figures, we
see that the strong form factors depict good stabilities with respect to the variations of the
M2 in its working regions. By using the working regions for all auxiliary parameters and
other inputs, we obtain that the strong form factors are well fitted to the following function
8(see figure 4):
g(Q2) = α + γ exp[−β Q2], (18)
where the values of the parameters α, β and γ for different cases are given in Table II.
α(GeV −1) γ(GeV −1) β(GeV −2)
g
(Ds)
D∗sDsη
(Q2) 0.3682 0.2383 0.2753
g
(η)
D∗sDsη
(Q2) −0.7125 2.4431 0.1791
g
(Ds)
D∗sDsη
′(Q2) 0.2216 0.2768 0.1888
g
(η′)
D∗sDsη
′(Q2) −0.0869 0.7132 0.3000
g
(Bs)
B∗sBsη
(Q2) 1.2167 0.4576 0.0688
g
(η)
B∗sBsη
(Q2) −7.2443 12.9086 0.0965
g
(Bs)
B∗sBsη
′(Q2) 0.4990 0.2762 0.0601
g
(η′)
B∗sBsη
′(Q2) −0.6228 2.6885 0.2407
TABLE II. Parameters appearing in the fit function of the coupling constants.
The coupling constants are defined as the values of the strong form factors at Q2 =
−m2off−shell. The numerical results of the coupling constants for different vertecies are given
in Table III. The final result for each coupling constant is obtained by taking the average of
the coupling constants obtained from two different off-shell cases, which also are presented
in Table III. The errors in the numerical values of the strong coupling constants are due
to the uncertainties in determination of the working regions for the auxiliary parameters as
well as the errors in other input parameters.
In summary, we calculated the strong coupling form factors of the D∗sDsη
(′) and B∗sBsη
(′)
vertices for different off-shell cases in the frame work of the QCD sum rules. By obtaining
the behavior of the strong form factors in terms of Q2, we also calculated the strong coupling
constants corresponding to the considered vertices. Our predictions can be checked in future
experiments.
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